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Equivalent Circuit for the Leakage Inductance
of Multiwinding Transformers: Unibcation of
Terminal and Duality Models

Casimiro ¢lvarez-Mari-o, Francisco de Le-Senior Member, IEEE, and XosZ M. L—pez-Ferntndeember, IEEE

Abstract—In this paper, a new equivalent circuit for the leakage
inductance of multiwinding (or multisection) transformers is pre-
sented. The methods proposed in this paper unify terminal models
with models derived from the principle of duality between elec-
tric and magnetic equivalent circuits. The new model is identi-
fied as the terminal-duality model (TDM). The elements of the cir-
cuit in addition to properly representing the transformer behavior
at the terminals are physically related to flux paths in the trans-
former window. The circuit of the TDM consists of a set of mutu-
ally coupled inductors available in any circuit simulation program
and, in particular, available in all Electromagnetic Transients Pro-
gram-type programs. The circuit elements of the TDM can be com-
puted in two ways: 1) from the observation of the behavior of the
magnetic field in the transformer window (applying the principle
of duality) and 2) from measurements on short-circuit tests per-
formed at the transformer terminals. Both methods yield identical
results. The 2-D finite-element simulations are used to compute the
terminal behavior of a wide variety of winding configurations. Sev-
eral examples are presented for the illustration of the model capa-
bilities and validation.

Index Terms—Duality model, leakage impedance, leakage induc-
tance, terminal model, transformer equivalent circuit.

|I. INTRODUCTION

RANSFOMRER models used for steady-state studies

do not have enough accuracy for the computation of
electromagnetic transients [1]. Models exist that are sufp-
ciently accurate for the calculation of low-frequency transients
(less than 1 kHz) using time-domain simulations [1]D[3]. At
a low-frequency range, not only does the electromagnetic
Peld fully penetrate the windings, but also there is no need to
subdivide a winding into sections since the wavelength is very
large. Similarly, relatively good models for the simulation of
very-high frequency transients>1 MHz) are also available
[1], [4]P[18]. At very-high frequency, the magnetic Bux does
not penetrate the windings and, consequently, there is no need
to represent the eddy currents dynamically. The challenge that
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a standard equivalent circuit representation with components S5 =
available in Electromagnetic Transients Program (EMTP)-type U;=0,1,=0
programs. Recently, Del Vecchio [22], [23] has extended the =7 Ls j5i#j;q#4,5:4,5,q=1,...,n. (1)
model of [20] to multiterminals by using two winding leakage
inductances. This was further developed to three-winding trans- U is the voltage source connected to the winding is the
formers in [24), relying on coupled equivalent circuits. current Bowing through the winding , is the current Rowing

The contribution of this paper is the generalization of the Lo . .
model of [24] applied to multisection windings effectively through the other windings, is the number of coils per phase,

unifying terminal models with duality derived models. The

new model is labeled as the terminal-duality model (TW? -8977/$26.00 © 2011 IEEE
The TDM consists of a set of mutually coupled inductors that

are readily available in all EMTP-type programs. Each self-in-
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Fig. 1. (a) Standard leakage impedance tests on a multiwinding transformer.
(b) Short-circuit admittance tests on a multiwinding transformer.

Fig. 2. Winding conbguration of a bve-layer transformer.

andj is the operator complex affected by the angular fre-
quency. This test is made for all of the- (n — 1)/2 possible
combinations of pairs of windings.

In the nonstandard short-circuit admittance tests, windiag Leakage
energized while the other windings are short-circuited as shown Tests Inductance [mH] Diffg/rﬁnce
; ; : i : ; : Formula (3) FEM ()
in Fig. 1(b). From this test, the short-circuit admittarice is Tesis 11019 10073 6.43
calculated as follows: Testyy | 22161 2.2610 203
Test,, | 2.8924 2.9908 -3.40
Y. — 4 k=12 . n 2 Test;s | 3.4713 3.6345 -4.70
J ,k:ok 74 b5k =12..n 2) Test, | 08629 | 0.8655 | -0.30
Testyy | 1.5910 1.6049 -0.87
is the voltage source connected to winding; is the cur- s (2)'?7)22 3'23‘2‘ ‘01 '99§
rent Bowing through winding, andn is the number of coils per Test | 13317 13304 5.10
phase. Testss | 0.5823 0.5770 091
The previously described tests can be performed on a real
TABLE ||

transformer in two ways: (1) by simulation, for example, by
using a bnite-element model (FEM) or, (2) by means of labora-

TABLE |
LEAKAGE INDUCTANCES FOR AFIVE-LAYER TRANSFORMER

CoMPUTED CURRENT FOR AFIVE-LAYER TRANSFORMER

tory measurements. Thus, a 2-D-FEM simulation for computing FEM Terminal Duality TDM
leakage impedances and short-circuit admittances tests is devel-| . | Fig.2) Model Model (Fig. 12)
i i Current (Fig. 3) (Fig. 4) Current

pped. The comr_nerc_|al software package Flux 2D is used [26] A] Current [A] Current [A] [A]
in all examples in this paper. 2.9010 2.9010 29010
A 2-D model of a bve concentric layer transformer (see Testiz | 29012 (0.01%) (0.01%) (0.01%)
Fig. 2) isimplemented in order to check the validity of the FEM | Test.. | 14078 1.4077 1.6217 1.4077
. . . . 13 (0.01%) (-15.19%) (0.01%)
simulations. The leakage inductances obtained by the 2-D-FEM L0642 12080 L0642
simulations are collected in Table | and the resulting currents, | Testis | 10643 (0.01%) (-13.50%) | (0.01%)
when a voltage source of 1 V is applied, are shown in the 0.8757 0.9910 0.8757
- : Testis | 08758 0.01%) ¢13.15%) | (0.01%)
second column of Table Il. The numerical values are validated 36773 Y 3673
with analytical results obtained by applying the well-known | Tests | 36776 | (100 0.01%) | (0.01%)
design formula [27]: 1.9832 2.0699 1.9832
Testyy | 19834 (0.01%) (-4.36%) | (0.01%)
olN 2 a + 27 ;a; 1.4125 1.5051 1.4125
Ls ;=& (27r 6+ ——— 37 () Testys | 14126 (0.01%) (-6.55%) | (0.01%)
Testyy | 47356 (‘(‘)'.?13/3) (‘(‘)'.2)313/3) (‘(‘)'.3)313/3)
whereyy is the permeability of vacuumy is the number of Teste | 23925 2.3923 2.5479 23923
turns of winding;, /s is the height of the windings, and are il (;).01"/§) (-56.5105‘?) (O.gll‘yg)

; ; L : 515 5 5515
the width and radius of winding andé and s are the width Testys | 5.5163 (0.01%) 0.01%) (0.01%)

and radius of the dielectric space between windihgad:.
From Table I, one can conbrm that the differences between
the numerical and analytical results are under 5%. Note that the

I1l. TERMINAL AND DUALITY CIRCUITS

differences increase as the separation distance between wind-o compare the terminal and duality circuits, both models will
ings increases; the largest difference occurs between windinpelapplied to the Pve-layer transformer shown in Fig. 2.

and 5. This is so because (3) is only applicable when the mag- ) o

netic Peld is vertical and for large separations, the beld curdes Existing Terminal Circuits

a little. Therefore, it can be afprmed that not only can FEM be The brst terminal equivalent circuits for multiwinding trans-
used to compute terminal leakage measurements, but thatftireners are those proposed by Starr [28] and Boyajian [29],
obtained results are closer to reality than the formula. [30]. These models regularly contain negative inductances (see
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Fig. 4. Duality model for the bve-winding transformer (Fig. 2).

column in Table Il collects the currents calculated with the du-
ality model of Fig. 4. Differences between currents calculated
Fig. 3. Terminal model for the Pve-winding transformer (Fig. 2). with the duallty model and those Computed with FEM are col-
lected in parentheses in the fourth column of Table II. As can be
seen from the results, this model does not properly reproduce

Fig. 3); therefore, precluding any physical identibcation of tH&e terminal response of the transformer even when the circuit
circuit elements. There have been no problems reported usgigments (inductors) physically represent a leakage path in the
terminal models (with negative inductances) for steady-staténdow. Some of the errors are close to 15%.

calculations, but when used for transient simulations, these

terminal models may produce numerical oscillations [31]. IV. NEW TERMINAL-DUALITY CIRCUIT

F|g 3 shows the terminal eqUiValent circuit of the transformer In this Section, anew circuitto model transformers with wind-
in Fig. 2 (following [30]). The third column in Table Il collects jngs in any topology is proposed. The new circuit is derived
the currents calculated for the leakage inductance tests with thsm the application of the principle of duality between electric
terminal model of Fig. 3. Differences between currents calcgnd magnetic equivalent circuits and simultaneously it is sup-
lated with the terminal model and those Computed with FEIMlorted by both termina|_|eakage measurements and Short_cir-
are collected in parentheses in the third column of Table Il. Oggjt admittance measurements. Since the model unipes terminal
can notice that the differences are very small (less than 0.6%)edels with models derived from duality, the new model is re-
Therefore, it is possible to conclude that the model of Fig. 3rred as the TDM. The TDM consists of a network of mutu-
properly represents the terminal behavior of the multiwindinglly coupled inductances that can be easily implemented into
transformer of Fig. 2. the environment of EMTP-type programs with readily available

For the study of the electromagnetic transients, the most COBymponents.
monly used multiwinding (or multisection) transformer model The TDM model solves the most important limitations of ex-
is perhaps BCTRAN, which is included in the EMTP; see [3Zkting models for multiwinding (or multisection) transformers.
and [33]. On one hand, the currently available duality models successfully

The BCTRAN model is based on the computation of the insstablish a one-to-one relationship between the circuit elements
verse leakage inductance matrix directly from standard testssa the building components of the transformer (core, windings,
the transformer terminals. Therefore, the inversion of an ill-cogng insulation). However, duality models pay no attention to the
ditioned matrix is avoided. It is well known that the model iserminal behavior and often there is a mismatch with terminal
numerically stable for multiwinding transformers. leakage measurements. On the other hand, terminal models ac-

The main disadvantage of the BCTRAN transformer modelyrately represent the behavior of the transformer leakage. How-
shared by all terminal models, is that the core geometry canifr, the circuit elements cannot be related to the physical com-
be taken into account accurately. In fact, there are no interfigdnents of the transformer; therefore, they produce difpculties
nodes to connect the magnetizing branches. Therefore, the Mggen trying to include the eddy current effects in the core and
netizing phenomena are not considered properly. Magnetizigghdings in the model and/or the nonlinear behavior of the core.
branches (including losses) are simply added across the windifge TDM can be retrobtted to include nonlinearities and eddy
closest to the core [33]. A detailed description of the BCTRANyrrents while preserving the physical meaning of all its com-

model is out of the scope of this paper. Note, however, thgbnents. This, however, is left for a sequel paper.
the terminal behavior of the leakage inductance is stable and

correct. A. TDM for Layered Windings

To show the methodology used to create the TDM, the ge-
ometry of a transformer with -concentric windings arranged

There are several variations of models obtained from the dp-layers is chosen (see Fig. 5). A reluctance circuit has been
plication of the principle of duality; see, for example, [1], [34]drawn in Fig. 5. It represents the magnetizing Bux path with
and [35]. An inductor (transversal to the 3ux) is used to repreeluctances and the leakage Bux paths with reluctances
sent each RBux path, but the terminal behavior, in most cases, ishat are set in the transformer. Then, the principle of duality
not considered. Flux paths and, therefore, model topology aseapplied, and the inductance circuit is obtained as shown in
selected according to the phenomena that are to be studied.Fig. 6. To be in the position of fully and properly estimating

Fig. 4 shows the duality model for the multilayer transformehe behavior of a transformer withwindings, the model must
of Fig. 2. The Table | column OFormulaO shows the valueshaie at least elements (or degrees of freedom)
the leakage inductances of the duality model. The fourth according to the Boyajian rule [29]. To complement the TDM

B. Existing Duality Derived Circuits
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Ry where . is the voltage drop across branch ;, is the current
Rowing through branch, and M, is the mutual inductance
between branchesandp.

. R, R, R ) Self-inductances.,, and mutual inductances/;, of the
;5 ’ x TDM for a multilayer transformer are calculated from the
W A leakage inductances obtained from the standard leakage
Core Ru R Ru3 R IR

impedance tests (1). Considering (4), the voltage of note

Fig. 5. Phase reluctance circuit for the multilayer transformer including cogfound(U ) is calculated as
and air paths.

U :Zi: bk =7 Ef;lE”;lth b - )

Looking at the circuit of Fig. 8, one can realize that during a
short-circuit test between two windings (nodes in the dual cir-
cuit), only the inductors contained within the testing points carry
current. For example, when testing between points 1 and 2, only
L, carries current. When testing between points 1 ardd &nd
Fig. 6. Phase inductance circuit including the magnetizing (core) and Ieaka%ﬁigigztccu;;egé’ but no cl_urrgnt CIfI’C|:,1|ate.S in the other inductors.
(air) elements. generalized as follows:

:]:,n“q:

i<m<j;q<i,q>j;i,j7m7q:1,...7n—1. (6)

Substituting (6) into (5), we obtain

U= (zg;lzj;th ) (7)

Fig. 7. Phase electrical circuit of the TDM for a multilayer or multidisk wind- . . .
ings including magnetizing and leakage elements. and the expression of the leakage inductah¢e; as a function

of the inductances of TDM becomes

M. U i i
e Ls ;= —— =L+ 2 (D] 92, My, )
M, My J .
l .LI?LZKETI.LVH n Z<J;Z7j:17"'7n_1' (8)
Ul In ?:Ll ?;Ll lU - [bn-llU Substitutingj = i + 1 in (8), the self-inductances in the
! 2 3 w1 " TDM are

Fig. 8. Phase leakage electric circuit of the TDM for multilayer or multidisk i —
wi?\dings. g y L =Ls 41;i=1,...,n—1 (9)

From (9), one can see that the self-inductances of the TDM

del ke h | i b are computed directly from the leakage inductance tests be-
model, one can take into account the mutual couplings betwegi, e, 1o consecutive windings. This is in full agreement with

th_e mductor_s. It has been shown_ln [24] that the ”?““_’a' COthe principle of duality since these inductances represent the
plings physically represent the thickness on the windings r? ths of leakage Rux between the two windings.

energized during the short-circuit tests. The complete electri aSubstitutingj — i +2in (8), we obtain

circuit of TDM, including the magnetizing branches, is shown '
in Fig. 7, whereNy, N ..., N,, are the number of turns in each
winding andN is the number of turns taken as reference.

In this paper, magnetizing branches are not considered eX-_ ... .. ; -
o mark ihe connecton poins e o st o aion v i s 2 0 oy
the two dual models (leakage and magnetizing). . - : ’ .

The TDM for the transformer leakage is obtained from the dl\ﬁe obtain the following expression to COMPUE, .1
ality model and adding the mutual couplings as shown in Fig. 8. 1

The remainder of this section is dedicated to compute the pa¥ , +1 = B} (s, 4 +Ls 1 41— Ls y1—Ls g1 4 ).
rameters of the circuit from terminal tests. The electric circuit of (11)
the TDM of Fig. 8 must satisfy KirchhoffOs voltage law (KVLSubstituting; = 7 + in (8) yields
expressed as follows:

L8,+ =L +L+1+2M,+1. (10)

Ls =L +L 1Ly +2(M, j1+My 4+ +M 4 ).






358 IEEE TRANSACTIONS ON POWER DELIVERY, VOL. 27, NO. 1, JANUARY 2012

My

obtain the leakage inductances from the geometrical dimensions T
of the windings and spacing. Mlz' > = 2 T
In this irregular case, the calculation of mutual inductances LN L L Ly
does not have an analytical expression because the equations ;JW\‘;_NYL;_NY\_:JW\*S
system, which is obtained by applying the standard leakage
impedance tests (1) to the TDM, is indeterminate. Howevesig. 11, Leakage electric circuit of the TDM for Pve concentric windings.
the mutual inductances can be conveniently obtained from
short-circuit admittance tests so that the model accurately
reproduces the terminal behavior of the transformer. The V. ILLUSTRATION EXAMPLES
short-circuit admittance tests satisfy the following expression:

A. Layer Winding

Yo n=n (17) . . . . .
In this section, the leakage inductance matrix of the TDM is
where 5, is the nodal vector of terminal voltages (with re<calculated for the transformer of Fig. 2. The equivalent electric

spectto reference) ang, is the nodal vector of currents Rowingcircuit of the TDM is shown in Fig. 11. Table | (second column)
through the windings. The elements of the nodal admittance nsirows the leakage obtained by 2-D-FEM simulations. After ap-
trix Y5, are the admittances computed (or measured) using (®Ying (9) for the self-elements and (15) for the mutual elements,

from short-circuit tests. the inductance matrix becomes

In addition, the TDM satisbes the following branch-node

. . . 1. 972 1492 — . 4 — 0 24
transformation (matrix) equations: 1492 6 6 _ 49
—z (18) L=V\_"4 6 62 a6 X' -
_ - . 24 — . 49 .46 L T7
=z1 (29) (26)
A —_— —A g (20) The standard_Iea_kage_induct_ange te_st of Fig. 1(a) was imple-
1 mented to the circuit of Fig. 11 in Simulink. Tests conditions(1)
n=A Z7A 5 (21) are imposed to the circuit to calculate the currents. Then, the

accuracy of the TDM is compared with the currents computed
with 2-D-FEM. The bfth column of Table Il collects the cur-
nts calculated by TDM of Fig. 11. The differences between
e currents are in parentheses. One can see an almost perfect
match (maximum difference under 0.01%).
One can use the leakage inductance matrix (26) to compute
Yn=A Z 'A (22) the induced voltage in the windings. For example, if winding 2
is energized and there is a load connected to winding 1 (with all
Neglecting the resistive part of the branch impedance, the fekher windings in open circuit), the voltage induced in windings
lowing expression is obtained: 3,4, and 5 is larger than the voltage applied to winding 2 (in per
o unit). This occurs because the induced voltage is proportional
Yn=4 (j L)7A (23) to the Bux that a winding links and the leakage Rux is in the
wherelL is the branch (leakage) inductance matrix of the TDMp@Me direction as the main (magnetizing) Bux in the core. In

The mutual inductances df (M ;) are obtained numerically the Appendix, we show that under the aforementioned test, all
from (23). For this, an error functio is debned to search for €xternal windings link more Bux lines than the internal winding

whereZ is the branch impedance matrix of the TDM, and
are the branch vector of the voltages and currents, A
the incidence matrix (node element). Combining (17) and (Z{ﬁ
the relationship betwee#A (the branch impedance matrix) of
the TDM and the short-circuit admittance matrix is given by

the minimum error in the solution of (23) as 2 by a factor of ¢ is the thickness of winding 2)
F=A (j I)""A-Yn (24) “Ofv (“6_2> . 27)
S

The nonlinear system of (24) is solved iteratively, using,
for instance, the least squares routine in Matlab. The soluti@n Disk Winding

r rts from an initial matr Pn follows: L . . - .
process starts from an initial matrf debned as follows The geometric dimensions of a disk winding are shown in

Ls, Fig. 12. The electric equivalent circuit for the leakage induc-
Lo = Ls _ (25) tance of the TDM is shown in Fig. 11. Table Il shows the in-
Ls 4 ductances obtained from the leakage tests from 2-D-FEM simu-
Ls14 lations. The leakage inductance matrix is obtained from (9) and
Thus, the solution td in (23) is reached when the value of(1°) &s in the previous case, yielding
the error functior¥ is less than a small tolerance chosen by the 1 2 179 — . 9 — .92
user. For example, in the general case studied in Section V-C, 179 111 9 _ 4 B
the experience of the authors is that when Pxing a relative erlor= | _ 9 9 111 192 | X 1
smaller tharl —! | the solution converges within 20 iterations - .9 - 4 19 1299

successfully. (28)
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TABLE VI
RESULTS OF THEINDUCED VOLTAGE TEST
Winding
1 2 3 4 5
Voltage [V] 945.3 1000 1015.3 1014.8 1014.5
Current [A] 9453 945.3 0 0 0

accuracy of the TDM is examined by comparing the current
obtained with 2-D-FEM as shown in Table V. The differences
are less than 0.5%.

VI. CONCLUSION

This paper has presented a new equivalent circuit for the refy. 14. Idealized magnetic Bux distribution during load tests.
resentation of the leakage inductance of multiwinding (appli-
cable to multisection) transformers. Its most important feature
is that terminal and duality derived models are now unibed andUsing (3) and Fig. 14, we can obtain expressions for the
all circuit elements have a clear physical meaning as RBux patimked Bux for each winding. Winding 1 links the magnetizing
in the transformer window and simultaneously the terminal b8ux and partially the leakage 3ux over winding 1, yielding
havior is properly represented. N

The circuit consists of a set of mutually coupled inductors. b1 = P + Ho (a_1> . (32)
In contrast with other methods, the elements of our model are Is

available in any circuit simulation program. This is of particular Winding 2 links all of the internal Rux (magnetizing, leakage

signibcance for transient studies since mutually coupled indygzer winding 1, and the Rux in-between the windings) plus a
tors are readily available in all EMTP-type simulation Programsart of the leakage Rux over winding 2, giving
The circuit elements can be computed in three ways yielding

identical results: from design formulas, Pnite-element simula- b = b+ o N (a_l +6+ a_2> . (33)
tions, or terminal short-circuit measurements. " ls 2

A number of examples, ranging from layer, disk, and arbi- _ . . -
trary winding designs have been presented for illustration of theNOte that_ the denomm_atqr o N (33) is 2 while in .(32.)'
model. The validation of the model has been carried out by co Is 3. Th's IS be_cause_ winding 2 I!nks the BU.X over .W'.ndmg 2
paring the currents computed with the obtained circuit by si Jlly, while W|_nd|.ng 1 links qnly this Rux pamally. Similarly,
ulating the standard tests against 2-D-FEM simulations. all external windings (3D5) link the following Bux:

It is believed that the physical meaning of the self-inductors wolN al a2

(; +o+ 7) (34)

would enable proper modeling of eddy current effects directly ¢ =¢1=¢5=dm + Is
in the circuit. We intend to continue our research in that path

and present the results in a sequel paper. Subtracting (33) from (34), we obtain
APPENDIX b —¢ = HoN <a_2 - a_2> _ 1N <a—2> . (35)
STUDY OF THE INDUCED VOLTAGE Ls 2 Ls 6

In this section, we analyze the induced voltage of the Pve-We note that all of the external windings link more Bux than
winding (layer-type) transformer using the leakage inductanti®e energized winding 2. Therefore, the induced voltage in
matrix (26). The test consists in energizing winding 2, comwindings 3D5 is higher than the voltage of winding 2. The small
necting a load to winding 1, and leaving all other windings (3b8jfferences between the voltages of windings 3b5 are caused
in open circuit. Figs. 7 and 8 help us visualize the circuit artaly the fact that the actual distribution of the leakage Bux is not

testing conditions. exactly as shown in Fig. 14, but reasonably close.
We apply a voltage souré¢é = 1.0 kV to winding 2, connect
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