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Abstract

In this work a new approach is presented for detecting the presence of damage-induced nonlinearities in structures from

measurements of structural dynamics. Two different information-theoretic (IT) measures, the time-delayed mutual

information and the time-delayed transfer entropy are used to provide a probabilistic measure of the coupling between

structural components. These measures may be used to capture both linear and nonlinear relationships among time-series

data. The formula for both quantities is derived for a linear, five degree-of-freedom system subject to Gaussian excitation.

An algorithm is then described for computing the IT metrics from time-series data and results are shown to agree with

theory. We then show that as the coupling between the structure’s components changes from linear to nonlinear the

‘‘information flow’’ can be used to indicate the degree of nonlinearity. Deviations from a linear model are quantified

statistically by generating surrogate data sets that, by construction, possess only linear (second-order) correlations. We

then apply the proposed algorithms to both the original data and the surrogates. Differences in the results are shown to be

proportional to the degree of nonlinearity. This result is shown to be independent of global changes in stiffness and is

therefore unaffected by certain models of environmental variability. Furthermore, the method provides an absolute

measure of nonlinearity and therefore does not require a baseline data set for making comparisons. This approach is

discussed in the context of structural health monitoring where damage is often associated with structural nonlinearity.

r 2006 Elsevier Ltd. All rights reserved.
1. Introduction

Vibration-based structural health monitoring (SHM) focuses on drawing inferences about the health of a
structure from the structure’s dynamic response to ambient or applied excitation. The practitioner collects
data from an undamaged structure, forms a baseline set of metrics or ‘‘features’’, and then tracks the evolution
of those metrics. Feature values that are statistically different from the baseline values are presumed to be
indicative of damage. Two primary obstacles are the need for baseline data and the difficulty in separating
changes in feature values due to environmental variability from those due to damage. Many, if not most
situations call for the practitioner to monitor an existing structure without the benefit of a baseline set of
structural response data. It is therefore desirable to develop an approach that can detect absolute damage with
ee front matter r 2006 Elsevier Ltd. All rights reserved.
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a minimal number of assumptions. Changes in feature value due to ambient conditions (e.g. temperature)
further complicate the process. For example, temperature fluctuations can cause large changes in the measured
natural frequencies of a structure. A bridge monitoring study by Peeters et al. [1] found that temperature alone
caused the eigenfrequencies of the Z24 bridge in Switzerland to change by as much as 18%.

Damage in structures is frequently modeled as the introduction of a nonlinearity into an a structure or
structural component that is otherwise (in a healthy state) accurately described by a linear model [2,3]. Such
mechanisms might include the presence of a crack (bi-linear stiffness), post-buckled behavior (Duffing
nonlinearity) and/or bolt rattling (impacting, stick-slip). Here we present an approach for detecting damage-
induced nonlinearities in a structure based on its vibrational response. Specifically we test whether or not the
observed data are consistent with the hypothesis of a linear stochastic process (i.e. a healthy structure
produced them). The approach yields an absolute measure of nonlinearity and therefore does not require an
explicit measurement of the healthy structure’s dynamics. Furthermore, the approach will be shown to be
insensitive to global changes in stiffness such as those caused by temperature fluctuations. While stiffness
changes may alter global system properties (e.g. modal properties) they do not necessarily change the form of
the underlying model (e.g. linear vs. nonlinear). The proposed approach targets the presence of nonlinearity
and is therefore not affected by this type of variability.

Many of the standard signal processing tools (e.g. frequency response functions) assume the underlying
system is linear and are thus unable to directly capture nonlinear relationships among time-series data.
Instead, nonlinearity will manifest itself as a breakdown in the ability of many linear time-series analysis
techniques to accurately describe the dynamics, i.e. a distortion [4]. This ‘‘deviation from linearity’’ could
conceivably be taken as a measure reflecting the degree of nonlinearity, however this requires some a priori
knowledge of the system under study, i.e. we need to know how the distortion will manifest itself. Perhaps the
most straightforward approach to nonlinearity detection is to apply varying load levels to the structure and
search for amplitude dependence in the frequency response. This technique may pose practical issues if
variable amplitude loading is unavailable. A more sophisticated approach is to use time-frequency analysis to
search for amplitude dependence in the structures parameters. This general approach to detecting damage-
induced nonlinearities was employed by Neild et al. [5]. Feldman [6] used the Hilbert transform to identify
‘‘backbone’’ curves associated with a free-decay response for oscillators with various nonlinearities. The
method was further extended to forced vibration [7] and later applied to damage detection in rotors [8]. If one
knows how a certain nonlinearity will affect this backbone the approach could be used to yield a direct
measure of nonlinearity without necessarily requiring a baseline. It is unclear, however, how deviations from a
healthy model (backbone) are to be quantified or how the approach would perform in the absence of a well-
defined model (i.e. where multiple nonlinearities/damages are present). The practitioner essentially has to
make a judgment as to what level of nonlinearity is significant thus making an automated health monitoring
scheme difficult to implement. Furthermore, this approach was designed for monocomponent signals (single
harmonic) derived from a single degree-of-freedom (dof) system or from an appropriately filtered multi-dof
system thus limiting practicality in many situations. A similar approach was followed in Ref. [9] using the
wavelet transform. This approach is well suited to multi-dof systems but was designed to work with impulse
excitation and still requires user judgement as to the significance of the observed nonlinearity. Another
approach to nonlinear system identification was recently proposed by Kerschen et al. [10]. This approach is
based on Bayesian model selection and also requires a priori knowledge of an underlying model or class of
models to be tested. A different approach is to use higher-order spectra to assess the presence of nonlinearity.
For example, one might use the bi-spectrum to detect nonlinear coupling in various frequency components [4].
Higher-order approaches can capture certain types of nonlinearity but are not generic in the sense that they
still focus on a specific type of correlation.

Rather than modifying linear signal processing tools and/or methods, the approach described herein was
designed specifically to explore nonlinear relationships among time-series data. The method does not require a
specific model of the nonlinearity, works for any type of stationary excitation, and requires no pre-processing
(e.g. filtering) of the response time series. Furthermore, by using the method of surrogate data the diagnosis
may be made in a reliable, statistically significant fashion. In the absence of a priori knowledge of a specific
damage mechanism (nonlinearity), surrogate data provide a data-driven baseline leading to an absolute
measure of damage.
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Two different information-theoretic (IT) measures are presented, the time-delayed mutual information, and
the time-delayed transfer entropy. These metrics have seen use in the physics literature but their utility in
analyzing structural dynamics has not yet been explored. Both quantities have their roots in information
theory and are designed to measure the co-dependence of dynamical variables in a probabilistic sense. Rather
than considering only second-order correlations in the data (e.g. linear cross-correlation) these metrics are
designed to consider the entire probability distribution of the signal(s), regardless of their underlying form,
and hence the higher-order correlations associated with nonlinearity. Our general approach consists of first
constructing surrogate data sets from the original structural response data. These surrogates are designed to
match exactly the linear auto- and cross-correlations among the data. We then compute the ITs on both the
original data and the surrogates and search for discrepancies. The surrogate data effectively serve as a
‘‘bootstrapped’’ baseline data set that allow us to quantitatively test against the hypothesis of a linear
structure. We argue that ITs provide an appropriate framework for studying nonlinear coupling as they make
no assumptions about the underlying model.

Sections 2 and 3 describe the time-delayed mutual information and time-delayed transfer entropy,
respectively. In the case of linear coupling both quantities are shown to reduce to a simple function of the
dynamic, linear cross-correlation coefficient between the structure’s variables. An algorithm for estimating
both metrics from time-series data is presented in Section 4. The approach relies on a kernel density estimation
technique for approximating the various probabilities required by both metrics. The procedure for generating
the surrogate data sets is also described in Section 5. We then derive an analytical expression for both
quantities in Section 6 and compare times-series estimates to theoretical predictions. Finally, we demonstrate
the power of the proposed approach by detecting the presence and degree of nonlinearity in a 5 dof structure
subject to Gaussian excitation. Ambient conditions are varied, simulating a temperature gradient on the
structure. The proposed approach is unaffected by this variation and correctly identifies the presence of the
nonlinearity.

2. Time-delayed mutual information

Assume we can monitor the dynamics of a spatially extended system by recording the system output from L

different locations at N discrete points in time resulting in the multi-variate time series xðnÞ � xiðnÞ i ¼

1; . . . ;L n ¼ 1 . . .N (we use boldface type to denote a vector). In order to draw inference about the coupling
mechanisms in a system we are effectively asking questions about the relationship(s) xiðnÞ ¼ f iðxðnÞÞ 2 L. In
structural dynamics, if the function(s) f i are linear there exist a variety of signal processing techniques i

capable of extracting the relevant parameters, e.g. stiffness, damping, etc. The linear cross-correlation and
transfer function estimates are two frequently used approaches. While computationally efficient, these
techniques are by definition only capable of exploring a specific kind of relationship in the data. These
methods assume that all of the relevant information is contained in second-order correlations, i.e. the
covariance matrix. A more general way to study the properties of the f i is to ask how much information the
two signals xiðnÞ;xjðnÞ have in common and how that information varies in time (flows) between locations i

and j. Each measurement can be thought of as a random variable with underlying probability density function
pðxiðnÞÞ and joint probability density pðxiðnÞ; xjðmÞÞ. In the development that follows we assume stationarity
such that pðxiðnÞÞ ¼ pðxiðnþ kÞÞ � pðxiÞ, i.e. a time shift does not affect the probability density function.
Similarly for joint densities pðxiðnÞ;xjðmÞÞ ¼ pðxiðnþ kÞ;xjðmþ kÞÞ � pðxi;xjðm� nÞÞ, i.e. only relative lags
(advances) matter. This assumption is made for purely for practical reasons. In order to estimate probability
densities from a single observed time series (see Section 4) we will need to assume stationarity and ergodicity.

If the processes are statistically independent (uncoupled) pðxi; xjÞ ¼ pðxiÞpðxjÞ, that is the joint probability
density is the product of the two individual probability densities. In order to quantify the degree of
independence one may compute the mutual information

Iðxi; xjÞ ¼

Z Z
pðxi;xjÞ log

pðxi;xjÞ

pðxiÞpðxjÞ

� �
dxi dxj (1)

which effectively maps deviations from the assumption of independence to a scalar. The integrals in Eq. (1) are
taken over all possible states xiðnÞ;xjðnÞ. Another interpretation of Eq. (1) is a ‘‘distance from independence’’.
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The mutual information function is strictly non-negative and it is assumed that 0 logð0Þ ¼ 0. This quantity has
seen use in a variety of fields, most notably in nonlinear dynamics for selecting the delay for time series
embedding [11]. Other applications have included the selection of location for sensor placement [12] in SHM,
in communications [13], and as a ‘‘contrast function’’ for performing independent component analysis [14].

If one seeks to study how information moves from i to j one can add a time delay in one of the variables.
Denote pðxi;xjðTÞÞ as the joint probability density associated with considering the delayed time series xjðnþ

TÞ in place of xjðmÞ (i.e. T ¼ m� n). The average mutual information function then reads

Iðxi; xj ;TÞ ¼

Z Z
pðxi;xjðTÞÞlog2

pðxi;xjðTÞÞ

pðxiÞpðxjðTÞÞ

� �
dxi dxj. (2)

This quantity was used by Vastano and Swinney [15] as a means of studying information transport in spatially
extended systems. If information present at location i is transmitted to location j there will be a peak in the
curve Iðxi; xjðTÞÞ at T40 as the joint probability density increases and reaches its maximum. A peak that
occurs for To0 implies that the information is being transported from j to i. Time-delayed mutual
information has been used to detect the direction of information flow in neuron firings [16], in a
reaction–diffusion system [15], a coupled map lattice [17], and more recently in population dynamics [18]. For
estimation purposes it will be convenient to expand Eq. (2) into entropy form

Iðxi; xj ;TÞ ¼

Z Z
pðxi;xjðTÞÞlog2ðpðxi; xjðTÞÞÞ dxi dxjðTÞ �

Z
pðxiÞlog2ðpðxiÞÞdxi

�

Z
pðxjðTÞÞlog2ðpðxjðTÞÞÞdxjðTÞ, ð3Þ

where
R

pðaÞlog2ðpðaÞÞ and
R R

pða; bÞlog2ðpða; bÞÞ are the Shannon entropies associated with the single and joint
distributions of random variables a; b.

Assume the two processes xi;xj are zero-mean, Gaussian distributed with variances s2xi
, s2xj

and dynamic
cross-correlation coefficient rxixj

ðTÞ. Carrying out the integration required by Eq. (3) yields

Iðxi; xj ;TÞ ¼ �1
2
logð1� r2xixj

ðTÞÞ. (4)

Eq. (4) is referred to as the ‘‘linearized’’ information flow between the two processes xi and xj and considers
only second moments in the data. In this special case all of the information shared between the two processes
can be captured by the linear cross-correlation coefficient. For the general case described by Eq. (2), however,
the information flow Iðxi; xj ;TÞ may be thought of as a nonlinear cross-correlation function capable of
capturing both linear and nonlinear (higher-order) correlations in time-series data. The algorithm required for
evaluating Eq. (2) is given in Section 4.

3. Transfer entropy

One potential drawback of using the mutual information function to measure coupling is that it does not
consider the dynamics of the underlying processes explicitly. Rather, one has to introduce a time delay in order
to explore dynamic correlations. More recently a different metric, the transfer entropy, has been introduced by
Schreiber [19] and incorporates the dynamic nature of the processes directly. The transfer entropy metric was
designed specifically to look at information transport and has been used already in examining physiological
coupling [20] and financial time series [21]. Rather than focusing on the joint probability density, transfer
entropy includes the notion of conditional probability. If the probability of a random variable having a given
value at discrete time nþ 1 is conditional on the previous k values only, the dynamics of that variable are
said to be described by a kth order Markov process. Mathematically this means the transition probabilities
follow pðxiðnþ 1ÞjxiðnÞ;xiðn� 1Þ; . . . ; xiðn� k þ 1Þ ¼ pðxiðnþ 1ÞjxiðnÞ;xiðn� 1Þ; . . . ; xiðn� k þ 1Þ; xiðn� kÞÞ,
that is to say the dynamics at discrete time nþ 1) is independent of the dynamics at time n� k. Assuming
stationarity (absolute time index does not matter) we may define pðxið1Þjx

ðkÞ
i Þ � pðxiðnþ 1ÞjxiðnÞ;xiðn� 1Þ;

xiðn� 2Þ; . . . ;xiðn� k þ 1ÞÞ. If two processes are being considered one could ask how the dynamics of xj

influence these transition probabilities. In other words, explore the possibility that the dynamics follow
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pðxiðnþ 1ÞjxiðnÞ; xiðn� 1Þ; . . . ;xiðn� k þ 1Þ; ðxjðmÞ; xjðm� 1Þ; . . . ;xjðm� l þ 1ÞÞ or in the more compact
notation pðxið1Þjx

ðkÞ
i ;xðlÞj ðm� nÞÞ (again we have assumed stationarity such that only time lags/advances are

relevant). Here the dynamics of xj are modeled as a lth order Markov process. The probability of the process
xi being in a given state at time nþ 1 is dependent on past history and values of the process xj at discrete time
m;m� 1; . . . ;m� l þ 1.

Based on this description of the dynamics, we may define two processes to be coupled if one influences the
transition probabilities of the other. The degree of influence can be quantified in the same way as for mutual
information. Following Schreiber [19] and denoting T ¼ m� n we write

Tðxið1Þjx
ðkÞ
i ;xðlÞj Þ

¼

Z Z Z
pðxið1Þ;x

ðkÞ
i ;xðlÞj ðTÞÞlog2

pðxið1Þjx
ðkÞ
i ; xðlÞj ðTÞÞ

pðxið1Þjx
ðkÞ
i Þ

 !
dxið1Þdx

ðkÞ
i dx

ðlÞ
j ðTÞ ð5Þ

as the time-delayed transfer entropy. While mutual information measures a distance from the hypothesis of
statistical independence, transfer entropy measures a distance from the hypothesis that the dynamics of xiðnÞ

can be described entirely by its past history and that no new information is gained by considering the dynamics
of xjðnþ TÞ. Making use of the law of conditional probabilities pðajbÞ ¼ pða; bÞ=pðbÞ and expanding Eq. (5)
may be re-written in entropy form as

Tðxið1Þjx
ðkÞ
i ;xðlÞj Þ ¼

Z Z Z
pðxið1Þ;x

ðkÞ
i ;xðlÞj ðTÞÞlog2 ðpðxið1Þ;x

ðkÞ
i ; xðlÞj ðTÞÞÞdxið1Þdx

ðkÞ
i dx

ðlÞ
j ðTÞ

þ

Z
pðx
ðkÞ
i Þlog2 ðpðx

ðkÞ
i ÞÞdx

ðkÞ
i �

Z Z
pðx
ðkÞ
i ;xðlÞj ðTÞÞ

�log2 ðpðx
ðkÞ
i ;xðlÞj ðTÞÞÞdx

ðkÞ
i dx

ðlÞ
j ðTÞ

�

Z Z
pðxið1Þ;xiÞlog2 ðpðxið1Þ;xiÞÞdxið1Þdx

ðkÞ
i . ð6Þ

Should consideration of xjðnþ TÞ provide no additional knowledge about the dynamics of xiðnÞ the transfer
entropy will be zero, rising to some positive value should xjðnþ TÞ carry information not possessed in xiðnÞ.
Several free parameters exist in Eq. (6), most notably the assumed order of the processes k; l. In this work we
assume k ¼ l ¼ 1 for simplicity and instead focus on varying the time delay T ¼ m� n in an effort to see how
much information xjðnþ TÞ carries about xiðnÞ over various time scales.

For linear, Gaussian processes the transfer entropy between masses i; j can be written in terms of the
covariance matrices associated with its arguments as [20]

Tðxið1Þjxi; xjðTÞÞ ¼
1

2
log
jCxið1Þ;xi ;xj ðTÞjjCxi

j

jCxi ;xj ðTÞjjCxið1Þ;xi
j

 !
, (7)

where

Cxið1Þ;xi ;xj ðTÞ ¼

E½xiðnþ 1Þxiðnþ 1Þ� E½xiðnþ 1ÞxiðnÞ� E½xiðnþ 1Þxjðnþ TÞ�

E½xiðnÞxiðnþ 1Þ� E½xiðnÞxiðnÞ� E½xiðnÞxjðnþ TÞ�

E½xjðnþ TÞxiðnþ 1Þ� E½xjðnþ TÞxiðnÞ� E½xjðnþ TÞxjðnþ TÞ�

2
64

3
75,

Cxið1Þ;xi
¼

E½xiðnþ 1Þxiðnþ 1Þ� E½xiðnþ 1ÞxiðnÞ�

E½xiðnÞxiðnþ 1Þ� E½xiðnÞxiðnÞ�

" #
,

and

Cxi ;xj ðTÞ ¼
E½xiðnÞxiðnÞ� E½xiðnÞxjðnþ TÞ�

E½xjðnþ TÞxiðnÞ� E½xjðnþ TÞxjðnþ TÞ�

" #
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and E½�� takes the expected value. The determinant of Cxi
is simply the variance E½xiðnÞxiðnÞ� ¼ s2xi

. The other
expected values may also be computed, assuming stationarity, to give the linearized transfer entropy. Define
the linear cross-correlation between the stationary time series xi;xj as Rxixj

ðTÞ � E½xiðnÞxjðnþ TÞ�. For i ¼ j

one has the autocorrelation Rxixi
ðTÞ. For convenience these quantities are normalized by the signal

variance(s). Therefore denote R̂xixi
ðTÞ � Rxixi

ðTÞ=Rxixi
ð0Þ as the normalized auto-correlation. The linear

cross-correlation coefficient rxixj
ðTÞ ¼ Rxixj

ðTÞ=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rxixi
ð0ÞRxjxj

ð0Þ
q

has already been referred to in the previous

section (Eq. (4)). The quantities involving discrete time nþ 1 are obtained by noting that E½xiðnþ 1ÞxiðnÞ� ¼

Rxixi
ð1Þ and E½xiðnþ 1Þxjðnþ TÞ� ¼ Rxixj

ðT � 1Þ. Correlations associated with negative delays are obtained by

the general relationship Rxixj
ð�TÞ ¼ Rxjxi

ðTÞ. Computing Eq. (7) therefore requires not only the dynamic
linear auto- and cross-correlation coefficients, but also their time-shifted versions. Using this notation, Eq. (7)
becomes

Tðxið1Þjxi; xjðTÞÞ

¼
1

2
log2

�ð�1þ r2xixj
ðTÞÞðR̂

2

xixi
ð1Þ � 1Þ

�2rxixj
ðT � 1ÞR̂xixi

ð1Þrxixj
ðTÞ þ r2xixj

ðT � 1Þ þ ðR̂
2

xixi
ð1Þ þ ð�1þ r2xixj

ðTÞÞÞ

8<
:

9=
;. ð8Þ

Eq. (8) gives the linearized, time-delayed transfer entropy between two stationary, Gaussian processes xi;xj.
For this special case all of the information being shared between xi and xj can be captured by the linear cross-
correlation coefficient and the autocorrelation for xiðnÞ.

4. Computation from time series

4.1. Mutual information

Computing the time-delayed mutual information and/or transfer entropy between two time series involves
the estimation of the various probability densities that comprise Eq. (s) (2,6). It has been shown that these
quantities may be obtained through use of kernel density estimation [20,22,23]. If the practitioner has access to
an ensemble of measurements the densities can be estimated for non-stationary time series. However, in most
SHM applications the practitioner must use a single set of measured response data. The following approach
therefore assumes stationary, erogodic data. At each point in the data vector xðnÞ we form the estimate

p̂ðxðnÞ; �Þ ¼
1

N � 2t� 1

XN

m¼1
jm�nj4t

Yð�� kxðnÞ � xðmÞkÞ, (9)

where

Yð�� kxðnÞ � xðmÞkÞ ¼
1: �� kxðnÞ � xðmÞkX0;

0: �� kxðnÞ � xðmÞko0

(

and the operator k � k takes the vector norm (here we use Euclidean norm). The parameter t is referred to as a
Theiler window and is used to eliminate bias in the estimate due to serial correlations in the data [20]. Eq. (9)
takes the local density estimate about point n to be the number of points in a hyper-sphere of size � about that
point divided by the total number of points in the time series N. Eq. (9) represents a simple form of kernel
density estimation using the ‘‘step’’ kernel with fixed band width �. Following Refs. [23,24] the entropy for the
process xðnÞ is simply the expected value of log2ðpðxðnÞÞÞ and may be approximated byZ

pðxðnÞÞlog2ðpðxðnÞÞÞ �
1

N

X
n

log2 ðp̂ðxðnÞ; �ÞÞ. (10)

We may therefore use Eq. (10) to estimate the various Shannon entropies required of Eq. (3). For example, the
mutual information requires estimates of the single and joint probability densities p̂ðxiÞ; p̂ðxjÞ, and p̂ðxi;xjÞ.
Substituting Eq. (10) into Eq. (3) and considering a time delay in xj gives the estimated time-delayed
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mutual information

Îðxi; xj ;T ; �Þ ¼
1

N

X
n

flog2ðp̂ðxiðnÞ; xjðnþ TÞ; �ÞÞ � log2ðp̂ðxiðnÞ; �ÞÞ

� log2ðp̂ðxjðnþ TÞ; �ÞÞg, ð11Þ

where the dependence on the � has been left explicitly in the equation. Given two time series xi and xj one may
compute Îðxi; xj ;T ; �Þ directly from the data. The above formulation is generic and may be extended to look at
shared information in more than two variables or between groups of variables. This extension of mutual
information is referred to in the literature as redundancy and is discussed thoroughly by Prichard and Theiler
[23] and Paluš [25]. The algorithm for the multi-variate case stays basically the same, the only difference being
that the densities must be evaluated in a higher-dimensional space. The main difficulty in implementing this
scheme lies in finding near neighbors within a radius � to a given point n. For time series of even modest size
using the naive OðN2Þ approach is prohibitive. However, there exist a number of fast near-neighbor search
algorithms available that can significantly reduce computation time. For example, the box-assisted approach
of Ref. [26] or a variant of the K-D tree algorithm [27] are two frequently used options.

4.2. Transfer entropy

Transfer entropy also reduces to a simple function of the local density estimates given by Eq. (9). Using
Eq. (10) to estimate the necessary entropies gives

T̂Eðxið1Þjxi;xjðTÞ; �Þ ¼
1

N

X
n

flog2ðp̂ðxiðnþ 1Þ;xiðnÞ; xjðnþ TÞ; �ÞÞ þ log2ðp̂ðxiðnÞ; �ÞÞ

� log2ðp̂ðxiðnþ 1Þ;xiðnÞ; �ÞÞ � log2ðp̂ðxiðnÞ;xjðnþ TÞ; �ÞÞg. ð12Þ

Again dependence on the band width � has been left in the equation. For illustrative purposes we examine the
first term on the right-hand side of Eq. (12). Expanding Eq. (9) gives the needed probability density estimate as

p̂ðxiðnþ 1Þ;xiðnÞ; xjðnþ TÞ; �Þ ¼
1

N

XN

m¼1
jm�nj4t

Y ��

xiðnþ 1Þ � xiðmþ 1Þ

xiðnÞ � xiðmÞ

xjðnþ TÞ � xjðmþ TÞ

�������
�������

0
B@

1
CA, (13)

where k � k takes the Euclidean norm of the three vector components. It should be mentioned that both
algorithms can also be re-written to utilized a ‘‘fixed mass’’ approach rather than a fixed band width. In this
approach the local densities are estimated by the ratio of a fixed number of points to the volume of space
occupied by those points. In this case Eq. (9) is re-written

p̂ðxðnÞ;MÞ ¼
1

N � 2t� 1

M

V ðxðnÞÞ
, (14)

where M is the number of nearest neighbors to look at and V ðxðnÞÞ is the minimum volume that encompasses
those points (again we exclude neighbors with in t time steps of the fiducial point n from consideration).
Hyper-spheres and hyper-rectangles are two commonly used volume elements. A discussion of non-parametric
density estimation techniques is given in Ref. [20]. In presenting the results we will drop the ‘‘ ^ ’’ denoting
‘‘estimate’’ from both mutual information and transfer entropy.

5. Hypothesis testing: the method of surrogate data

Given two time series from a structure the practitioner may be interested in assessing whether or not the
relationship between the two signals can be accurately represented by a linear model. In this section we
describe one possible means of placing this question in a hypothesis testing framework using the notion of
surrogate data sets. The idea behind this approach is to construct additional time series that preserve specific
properties of the original data but are random with respect to other properties, presumably the ones the
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practitioner is testing for. The metric(s) of interest, in this case mutual information and transfer entropy, are
then computed for both surrogate data and the original data. Differences in the results indicate that the
original data possesses the specific property being tested for.

In this case we are testing against the null hypothesis of a linear relationship between two, Gaussian-
distributed variables. We therefore seek surrogate data sets that preserve the linear cross-correlation between
xi and xj . One approach is to randomize the phases of the two data sets such that their difference is preserved
[28]. The discrete Fourier transform of a real-valued process is given by

X ðf Þ ¼FfxðnÞg ¼
XN�1
n¼0

xðnÞe�2pifnDt,

where X ðf Þ is a complex-valued quantity evaluated at f ¼ �1=2Dt; . . . ;�1=NDt, 0; 1=NDt; . . . 1=2Dt.
Alternatively X ðf Þ may be written in terms of a magnitude and phase as X ðf Þ ¼ jX ðf Þjeifðf Þ. The linear
cross-correlation between two time records x1ðnÞ;x2ðnÞmay be written in the frequency domain as a product of
Fourier transforms as a consequence of the Weiner–Khintchine theorem giving

FfRxixj
ðTÞg ¼ 1=NDtX iðf Þ

�X jðf Þ ¼ 1=NDtjX iðf ÞjjX jðf Þj e
iðfiðf Þ�fj ðf ÞÞ. (15)

Both the magnitude of the cross-correlation and the phase relationship will remain unchanged if a random
phase cðf Þ 2 ½0; 2pÞ is added to both fiðf Þ;fjðf Þ. We may therefore generate the surrogate time series
x̂iðnÞ; x̂jðnÞ by taking

x̂iðnÞ ¼F�1fX iðf Þe
icðf Þg x̂jðnÞ ¼F�1fX jðf Þe

icðf Þg.

Because of the circular nature of the discrete transform the same random phase must be added to both positive
and negative frequency components. In other words, we must set cð�f Þ ¼ cðf Þ. The general algorithm for
creating surrogate data sets for L time series is therefore to compute x̂kðnÞ ¼F�1fX kðf Þe

icg k ¼ 1 � � �L. The
resulting time series will exactly match only the linear correlations in the original data. Randomizing the
phases will destroy any higher-order correlations. Utilizing either of the algorithms described by Eqs. (11) and
(12) to explore relationships between the xiðnÞ will therefore produce different results when applied to x̂iðnÞ in
the case of nonlinear coupling. No difference means the processes are consistent with linear coupling. If the
data are not Gaussian distributed a different surrogate algorithm is required that also preserves the amplitude
distribution of the original data (in addition to the linear auto- and cross-correlations) [29].

6. Information flow in structures

Lets assume that our system of interest is the 5 dof spring–mass–damper depicted in Fig. 1. The equations of
motion for this system are

Mf €xg þ Cf _xg þ Kfxg ¼ fðtÞ, (16)

where M, C, and K are the mass, damping, and stiffness matrices respectively. Let the dynamical variables of
interest be the positions of the masses xi i ¼ 1 � � �L. For the analysis it is convenient to work in modal
k k1 2

c1 c2

m2m1

x

f2

1

k k3 4

c3 c4

m4m1

x3

k4

c5

m5

x5x4x2

Fig. 1. Schematic of linear spring–mass–damper system.
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coordinates by allowing xi ¼
PL

kuiZk where ui are the mass-normalized mode shapes. The decoupled
equations of motion in continuous time are

€Zi þ 2zioi _Zi þ o2
i Zi ¼ uTi fðtÞ ¼ qiðtÞ. (17)

Formulation of both Eqs. (4) and (8) requires the auto- and cross-correlations for the response variables.
These may be derived in terms of the input (excitation) auto- and cross-correlations for the case of Gaussian
excitation as

Rqlqm
ðtÞ ¼ E½qlðtÞqmðtþ tÞ� ¼ QlmdðtÞ,

where the entries of Qlm are dictated by the mode shapes, dð�Þ is the unit impulse, and t is a ‘‘continuous time’’
measure of delay (continuous time and discrete time are related through the sampling interval Dt i.e. t ¼ TDt).
For Gaussian excitation, the covariance function matrix associated with the modal forcing terms qi is
characterized by

Qlm ¼ ðu
T
l fÞðu

T
mfÞ. (18)

By convolving the excitation with the impulse response for a spring–mass system

hi ¼
1

odi

ezioi sinðoditÞ i ¼ 1; . . . ;L (19)

the response correlations may be written [30]

Rxixj
ðtÞ ¼

Z 1
0

Z 1
0

XL

l

XL

m

uilujmQlmdðtþ y1 � y2Þ
e½�zloly1�zmomy2�

odlodm

� sinðodly1Þ sinðodmy2Þdy1 dy2, ð20Þ

where odi �

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� z2i

q
oi i ¼ 1; . . . ;L are the damped natural frequencies for the system. Carrying out the

integration yields the needed correlations

Rxixj
ðtÞ ¼

1

4

XL

l

XL

m

Qlmuilujm½Alme
�zmomt cosðodmtÞ þ Blme

�zmomt sinðodmtÞ�, (21)

where

Alm ¼
8ðolzl þ omzmÞ

o4
l þ o4

m þ 4o3
l omzlzm þ 4o3

molzlzm þ 2o2
mo

2
l ð�1þ 2z2l þ 2z2mÞ

,

Blm ¼
4ðo2

l þ 2olomzlzm þ o2
mð�1þ 2z2mÞÞ

odmðo4
l þ o4

m þ 4o3
l omzlzm þ 4o3

molzlzm þ 2o2
mo

2
l ð�1þ 2z2l þ 2z2mÞÞ

. ð22Þ

Substituting into Eq. (4) or Eq. (8) along with Eqs. (21) and (22) gives a closed-form solution to both the
mutual information and transfer entropy between masses i; j.

In an effort to test the algorithms we consider a linear 5 dof structure (L ¼ 5) where the structure’s
parameters are mi ¼ 0:01; ci ¼ 0:05; ki ¼ 10:0 i ¼ 1 . . . 5. Further assume that the excitation is Gaussian (unit
standard deviation) and is applied only at the end mass so that f ¼ f0; 0; 0; 0;Nð0; 1ÞgT. The natural
frequencies and damping ratios for this system are summarized in Table 1. Assuming a proportional damping
model (C ¼ bK) we have as an approximation zi ¼ ð1=2Þcioi. Using these parameters, the system described by
Eq. (s) (16) was simulated using a fifth-order Runge–Kutta scheme with a time step of Dt ¼ 0:01 s. giving time
series for the displacements xiðnÞ n ¼ 1 � � �N where N was chosen to be 50,000 points. Prior to analysis, each
time series was normalized to zero mean and unit variance.

6.1. Results: mutual information

For this analysis we focus on computing the information transport between masses i ¼ 2 and j ¼ 3, i.e. use
x2ðnÞ;x3ðnÞ as the time series of interest. Fig. 2 shows the results obtained by applying Eq. (11) with � ¼ 0:05
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Fig. 2. Time-delayed mutual information between masses 2,3. Theoretical results (solid line) vs. simulation results (open circles).

Table 1

Modal parameters for 5 dof structure

Mode zi oi (rad/s) oðAÞi (rad/s)

1 0.02 9.0 8.8

2 0.07 26.3 25.4

3 0.10 41.4 40.0

4 0.13 53.2 51.4

5 0.15 60.7 58.7

J.M. Nichols et al. / Journal of Sound and Vibration 297 (2006) 1–1610
compared with theoretical predictions obtained via Eqs. (4), (21), and (22). The kernel-based algorithm
accurately captures the time-dependent correlations in the data. The dominant mode is clearly visible, however
because the information fluctuates according to r2x2;x3 ðTÞ the linear cross-correlation is ‘‘rectified’’. The period
associated with the information peaks is therefore exactly half that of the dominant period. The decay of the
information transport with time provides a rate of information loss. As expected, the dynamics of x3ðTÞ say
less about the dynamics x2ð0Þ as T increases.

In an effort to demonstrate the utility of the approach in diagnosing nonlinearity a cubic spring replaces k3

such that the linear stiffness matrix is now given by

K ¼

ðk1 þ k2Þ �k2 0 0 0

�k2 ðk2 � k3Þ k3 0 0

0 k3 ð�k3 þ k4Þ �k4 0

0 0 �k4 ðk4 þ k5Þ �k5

0 0 0 �k5 k5

2
6666664

3
7777775
,

(�k3 replaces k3) and a nonlinear restoring force is added to the right-hand side of Eq. (16)

fðNÞ ¼

0

�mk3ðx3 � x2Þ
3

mk3ðx3 � x2Þ
3

0

0

2
6666664

3
7777775
.



ARTICLE IN PRESS
J.M. Nichols et al. / Journal of Sound and Vibration 297 (2006) 1–16 11
In the context of structural dynamics this particular nonlinearity can be used to model the behavior of a post-
buckled structure [31]. The equilibrium point x3 � x2 ¼ 0 is replaced by the two stable points
x3 � x2 ¼ �

ffiffiffiffiffiffiffiffi
1=m

p
. As m is increased the asymmetry in restoring force associated with the nonlinearity also

increases. For a large enough value m ¼ m� this system will begin to oscillate between the two equilibria.
Fig. 3 shows the results of computing the average mutual information function for increasing levels of

nonlinearity. The curve with open circles represents the algorithm applied to the original data while the solid
lines show the results of applying to the algorithm to each of ten linear surrogates, generated using the
approach described in Section 5. As m increases, the curves begin to separate, particularly near the dominant
peak. The average mutual information shows an increase in the relative amount of information transmitted
compared to the linear surrogates. Our interpretation is that information associated with higher-order
correlations is still being transmitted, however it is ‘‘lost’’ when analyzing the surrogates. In order to quantify
this difference we form the confidence intervals at each delay

CLðTÞ ¼ mðTÞ � Za=2sðTÞ,

CUðTÞ ¼ mðTÞ þ Za=2sðTÞ,

where mðTÞ;sðTÞ are the mean and standard deviation of the surrogates at delay T. The values for Za=2 are
chosen by the practitioner and indicate the desired level of confidence associated with the null hypothesis that
the dynamics of the structure are linear. Consequently, values for the time-delayed mutual information that
fall outside these bounds indicate nonlinearity (violation of the null). In this work we take Z0:025 ¼ 1:96 giving
confidence intervals of 95%. Because the ITs show an increased information transport relative to their
linearized counterparts we need only focus on the upper bound. A convenient nonlinearity index for the
mutual information can therefore be define based on distance from this bound as

ZM ¼
X

T

0: Iðxi;xj ;TÞpCUðTÞ;

ðIðxi;xj ;TÞ � CUðTÞÞ=CUðTÞ: Iðxi;xj ;TÞ4CUðTÞ;

(

where we are summing over all values of the mutual information that exceed the confidence interval. An
alternative is to take the maximum distance (rather than sum). We find few differences in the results regardless
of which index is used. A plot of ZM as a function of nonlinearity is shown in Fig. 4. The resulting index is
monotonic with m and quantifies the separation between the surrogates and Iðx2; x3;TÞ. For m ¼ 0 we have the
linear system and no difference is observed between the data and the surrogates as expected. As the degree of
nonlinearity is increased so too the amount of separation as quantified by ZM . For values of m4m� ¼ 1:75 the
dynamics begin to oscillate between the two equilibria and the nonlinearity is trivial to detect. Values for ZM

for this case are an order of magnitude larger than those shown in Fig. 4 and are therefore not presented. The
subtle nonlinearity introduced for mom� is much more difficult to detect and hence is the focus of this work.
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6.2. Results: transfer entropy

The time-delayed transfer entropy was also used in analyzing the relationship between masses 2 and 3. As an
example, consider the case where we examine the information transport from x3 to x2, that is, compute
Tx3!x2

. Fig. 5 shows the analytical result for the linear system (m ¼ 0) plotted along with the results obtained
using two different approaches to estimating Tx3!x2

. Fig. 5a shows the results obtained using the fixed band
width kernel (Eq. (9)) with a band width of � ¼ 0:075 while Fig. 5b illustrates the fixed mass approach
(Eq. (14)) based on a mass of M ¼ 10 points. Only qualitative agreement was obtained between simulation
and theory using the fixed band width kernel while the fixed mass approach yields a quantitative match to
theory. The difficulty in obtaining good estimates via Eq. (10) likely stems from the subtle effect the transfer
entropy is trying to capture. Rather than focusing on the joint density pðxi;xjðTÞÞ (as does the mutual
information), transfer entropy is attempting to capture changes in the ratio pðxið1Þ;xi;xjðTÞÞ=pðxi;xjðTÞÞ. For
systems that possess significant auto-correlation, this ratio will be small; this can be seen by examining the
numerator of Eq. (8). Trying to capture these subtle differences in densities using a relatively crude density
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estimation technique is likely the cause of the discrepancy between numerics and theory. The fixed mass
kernel, on the other hand, is adaptive and effectively adjusts to maintain a constant density of points. This
estimator therefore tends to be more accurate. The problem with the fixed mass estimator is that it carries a
greater computational cost (finding the M nearest neighbors is inherently more difficult than finding all
neighbors within a radius �). For the application presented in this work (detecting differences between
surrogates and data) both estimators led to nearly identical results for several test cases. We therefore utilized
the more computationally efficient fixed band width kernel for the remainder of the study and take � ¼ 0:075.
We point out that results are largely insensitive to this choice. Any value for � between 2.5% and 12.5% of the
standard deviation of the time series works well.

As with mutual information, results can be compared to those obtained from surrogate data as nonlinearity
is introduced into the system. Fig. 6 illustrates these results for several different values of the nonlinearity
parameter m. The transfer entropy appears more sensitive to increasing nonlinearity then does the mutual
information. Furthermore, the differences between surrogates and data are noticeable over a wider range of
delay T. As with the mutual information we may define a nonlinearity index (Fig. 7)

ZT ¼
X

T

0: Tðxið1Þjxi;xj ;TÞpCUðTÞ;

ðTðxið1Þjxi; xj ;TÞ � CUðTÞÞ=CUðTÞ: Tðxið1Þjxi;xj ;TÞ4CUðTÞ;

(
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where again the upper confidence limit CUðTÞ is chosen based on the mean and standard deviation of
surrogate values for delay T. The values of this index are larger than are those for the mutual information.
This is consistent with other model systems we have examined. We conclude that for this simple system,
transfer entropy is a more sensitive indicator of nonlinear coupling.

6.3. Invariance to ambient variation

Perhaps the greatest strength of the proposed approach is that it is insensitive to certain types of ambient
variability such as those caused by temperature, humidity, etc. Unless these changes affect the form of the
underlying dynamics (linear/nonlinear) they will not affect the proposed indicators ZM ;ZT . In an effort to
demonstrate this, the stiffness values were altered to simulate a temperature gradient across the structure. This
was accomplished by decreasing the first stiffness value by 2%, the next by 4% and so on. The last stiffness, k5,
was therefore altered by 10%. Again we explore the relationship between x2;x3 using both the original
simulated time series and ten linear surrogates. Sample results are displayed in Fig. 8 for both mutual
information and transfer entropy in the case of m ¼ 1:45. Again we can see a clear difference between the
surrogates and the data indicating that there is a statistically significant degree of nonlinearity in the structure.
Although the global stiffness properties have changed, the nonlinearity remains. The natural frequencies for

the altered structure, denoted oðAÞi , are summarized in Table 1.

Damage indices were computed in the same manner as in the previous example and the results are displayed
in Fig. 9. As the level of nonlinearity is increased both indices rise in monotonic fashion. The main difference is
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that the values of both indices are slightly higher than in the previous case. For example, in the original
structure ZT ¼ 0:8 for m ¼ 1:75 while here ZT ¼ 0:8 for m ¼ 1:45. This can be explained by the fact that the
perturbed stiffness values have changed the point at which the system begins to oscillate between the two
equilibria. Given our fixed level of excitation (Gaussian noise with unit standard deviation), these oscillations
now occur for values m4m� ¼ 1:45 (as opposed to m� ¼ 1:75) and the nonlinearity becomes trivial to detect as
before. Differences in the progression of ZM ;ZT with damage from the previous case (no temperature
gradient) can at least partially be explained in terms of the number of surrogate data sets used. In this study
we utilized ten surrogates. Because ZM ;ZT are based on the variance of the surrogates, larger numbers
of surrogates tend to produce a ‘‘smoother’’, more reliable progression. However, the computation time
increases with the addition of each surrogate set. Choice of number of surrogates will likely be application
specific. For illustrative purposes ten surrogate sets were deemed sufficient. The important feature to note
in Fig. 9 is that the damage index for the linear structure remains zero even though the natural frequencies
of the structure have shifted by between 2.2% and 5% (depending on the mode). Mode shapes for the
structure are similarly altered. Health monitoring schemes based on modal properties would, in this example,
produce false positives (declare damage when none exists) or suffer a reduced sensitivity to the damage. We
stress that this approach yields an absolute measure of nonlinearity as opposed to relative. This approach
therefore obviates the need for baseline data sets for feature comparisons. We still require a baseline
assumption equating ‘‘healthy’’ with linear, but no baseline time series. The surrogates are, in effect, a baseline
(null hypothesis) against which the hypothesis of nonlinearity may be tested. A structure that has been retro-
fitted with a health monitoring system (sensors/algorithms) and for which no baseline exists could still be
monitored for damage.

The main strengths of the described approach pre-suppose that damage takes the form of a nonlinearity.
However, if this is not the case (i.e linear damage or a healthy structure who’s dynamics are nonlinear) the
approach can still be utilized by drawing comparisons between IT metrics computed from a baseline data set
and a damaged data set. In this case there would be no need for surrogates, however, as a true baseline would
be required. As we have demonstrated (see Eqs. (4) and (8)), in the limiting case of a linear structure the IT
metrics carry the same information as does the linear auto- and cross-correlation functions and (by the
Weiner–Khintchine theorem) the auto- and cross-spectral densities. Their use in the case of linear damage is
therefore tantamount to looking for changes in linear properties such as modal frequencies.
7. Conclusions

In this work we have described a process by which the vibrational response of a structure can be analyzed
for the presence of nonlinearity. Both the time-delayed mutual information and time-delayed transfer entropy
were presented as two alternative, probabilistic definitions of coupling. In contrast to standard signal
processing techniques which focus on second-order (linear) correlations, these two quantities capture coupling
in all moments of the signal’s underlying probability density functions. Because both quantities capture
general dependencies among time series they may be effectively used to diagnose when the coupling is
nonlinear. We have demonstrated an approach by which the practitioner constructs surrogate data sets that
preserve the second-order correlations in the data but that destroy any higher-order correlations. Computing
either mutual information or transfer entropy on both the actual data and the surrogates was shown to
produce different results when nonlinearity was present. A nonlinearity index for capturing this difference was
introduced and showed a monotonic increase with the degree of system nonlinearity. With regard to SHM,
this approach eliminates both the necessity of acquiring baseline statistics and the problems associated with
separating ambient variation from damage. With regard to the former, the proposed technique provides an
absolute measure of nonlinearity in the system and therefore does not require the comparison to a baseline
data set. This has recently been demonstrated for two different experimental systems [32,33]. Furthermore,
because the proposed approach seeks a direct measure of nonlinearity, global changes in system properties
such as stiffness will not affect the results. Here we have demonstrated this by changing the stiffness values of
the structure to simulate a temperature gradient. The nonlinearity indices for both mutual information and
transfer entropy were largely insensitive to this change.
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