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Abstract  
In this paper, a systematic methodology to calculate the
end-effector position and orientation errors of a robotic
manipulator is presented. The method treats the physical
error sources in a unified manner during the system’s de-
sign so that the effect they have on the end-effector posi-
tioning accuracy can be compared and the dominant
sources identified. Based on this methodology, a computer
program has been developed that can perform the error
analysis on any serial link manipulator.  This methodol-
ogy and the software are applied here to the error analysis
of a six degree of freedom high performance medical ma-
nipulator.

1  Introduction
In many medical and manufacturing applications of ro-
bots, precise end-effector, steady state, positioning accu-
racy is required.  In such applications, even small posi-
tioning errors at the manipulator end-effector can have
dangerous and costly consequences.  Positioning inaccura-
cies can stem from a number of sources such as structural,
measurement and controller errors.
The development of kinematic models, which can account
for steady state manipulator errors, is important in evalu-
ating the performance of a robotic system and improving
its positioning accuracy. This analysis is important during
the design phase in order to verify whether a proposed
manipulator design can meet the accuracy requirements of
the task.  Error models are also important during the ma-
nipulator's calibration procedure.  Correct identification of
the kinematic errors in the model can serve to increase the
effectiveness of calibration, and thereby improve the ma-
nipulator’s positioning accuracy.
Considerable research has been performed in the area of
kinematic error analysis, error model derivation, and cali-
bration of robotic manipulators and machine tools
[1-4].  Error models have been developed based on screw
theory, homogeneous matrices, Denavit and Hartenberg
coordinates, and Jacobian matrices [5-9].  Some studies
have considered the effects of manipulator joint errors
[10, 11], while others were focused on the effects of link
dimensional errors [12, 13]. Some generalized methods
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have been proposed which include non-geometric errors
such as thermal effects [14, 15].  Error models have been
developed specifically for use in the calibration of manipu-
lators [16, 17]. Researchers have studied methods to pre-
dict the error sensitivity of manipulator design [18, 19]
and others have done work to find the optimal configura-
tions to reduce the manipulator errors by calibration [20].
In this paper, a systematic methodology to derive the error
model of any serial link manipulator is developed.  The
model can be applied to both the performance evaluation
and the calibration of the manipulator, incorporating any
type of physical error sources that may exist, such as
geometric errors, backlash, joint or link deflections. The
method treats the physical error sources in a unified man-
ner during the system’s design so that the effect they have
on the end-effector positioning accuracy can be compared
and the dominant sources identified. Based on this meth-
odology, an error analysis software package has been con-
structed which uses a combination of symbolic and nu-
meric computations to calculate the error model for any
six degree of freedom serial link manipulator.
This error methodology and computer program have been
applied to the performance evaluation of a robotic manipu-
lator to be used in a new important medical application.
The Northeast Proton Therapy Center (NPTC) is now
being constructed at the Massachusetts General Hospital
(MGH) [21, 22]. This cancer research and treatment facil-
ity will have a new advanced proton therapy system.  The
NPTC is scheduled to begin operations with patients in
1998.  A major component of the system is its robotic
patient positioning system (PPS).  This system will
automatically position a patient in a proton beam that
emanate from a “nozzle” located on a rotating gantry ring
structure.  The required absolute positioning accuracy of
the PPS is ±0.5 mm. Larger errors may be dangerous to
the patient [23]. It should be noted that constraints of the
medical environment prevent the use of real-time end-
point measurements that might in other cases be used to
correct for static end-point errors. Hence the inherent accu-
racy of the system is critical. As it is described in Section
5, the methodology and software developed in this paper,
are being used to evaluate the PPS design. The same
method will also be used in the future in the error calibra-
tion procedure and the development of real time error
compensation algorithms.



2  Kinematic Model Without Errors
Classical kinematic analysis of a manipulators requires the
definition of reference frames at the manipulator base, end-
effector, and at each of the joints [24].  For a six degree of
freedom manipulator, 7 reference frames Fi (i ranging from
0 to 6) are defined, such as shown in Figure 1.  Generally,
these frames are characterized using the Denavit and
Hartenberg method [24].  The position and orientation of a
reference frame Fi with respect to the previous reference
frame Fi-1 is defined with a 4x4 matrix A i that has the
general form:

A i = R i Ti
0 1

 
 
  

 
 (1)

The R i term is a 3x3 orientation matrix composed of the
direction cosines of frame Fi with respect to frame F i-1 and
T is a 3x1 vector of the coordinates of center Oi of frame
Fi in Fi-1. (Bold lettered variables represent vectors or ma-
trices.)  The elements of matrices A i depend on the geo-
metric parameters of the manipulator and the manipulator
configuration parameters q.  For a 6R manipulator, q is
composed of the six manipulator joint angles.
The position and orientation of the end-effector frame F6,
with respect to the inertial reference frame F0, is repre-
sented by the homogeneous matrix AT.  The elements of
AT depend on the 3 position and 3 orientation parameters
of frame F6, with respect to frame F0.  These parameters

are also represented with a 6x1 vector XT
i . At this point

the superscript i will be added to XT to denote the ideal
position of F6 with respect to frame F0, if no errors exist
in the manipulator.  The superscript r, will be used later
to denote the real or actual position of F6 when errors ex-
ist.  The matrix AT is formed by multiplying all of the
A i matrices [24]:

AT =  A1A2. . . . . . . A 6 (2)
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Figure 1:  GMF - a 6R industrial manipulator
From Equation (2), known as the "loop closure equation,"
six scalar equations are obtained to calculate the end-
effector coordinates XT

i when the configuration parameters

q are known:

XT
i =f i(q, s ) (3)

The vector f i is a non-linear function of the configuration
parameters, q, and a vector of the manipulator structural
parameters s .  Equation (3) represents the relationship
between the manipulator's configuration parameters and
the position and orientation coordinates of its end-effector.
This is known as the "direct kinematic model."  This
model is often used in a manipulator controller to calcu-
late the end-effector inertial coordinates from system joint
displacements.  A “manipulator inverse kinematic model”
is used to calculate the configuration parameters to achieve
a desired end-effector location and orientation.

If the manipulator has errors, Equation (3) will not
accurately represent the system’s direct kinematics.  Using
equation (3) to position the manipulator end-effector, the
manipulator would placed it in a different position then
the desired one.  In the following section, equations are
formulated to accurately represent the relationship between
configuration parameters q and end-effector coordinates XT
when errors exist in the manipulator.

3 Manipulator Error Classification
3.1 The physical errors
There are many possible sources of errors in a manipula-
tor. These errors are referred to as "physical errors", to
distinguish them from "generalized errors" which are de-
fined later. The main sources of physical errors in are:
• Machining errors:  These errors are resulting from
machining tolerances of the individual mechanical compo-
nents that are assembled to build the robot.
• Assembly:   These errors include linear and angular
errors that are produced during the assembly of the various
manipulator mechanical components.
• Deflections:   Link and joint flexibility can cause
elastic deformations of the structural members of the ma-
nipulator, resulting in large end-effector errors, especially
in long reach manipulator systems.  Local material defor-
mations can also be another source of end-effector errors.
• Measurement and Control: Measurement, actua-
tor, and control errors will create end-effector positioning
errors. The resolution of encoders and stepper motors are
examples of such errors.
• Joint errors: These include bearing run-out errors
in rotating joints and  rail curvature errors in linear joints.
• Clearances:  Backlash errors can occur in the motor
gear box and in the manipulator joints.
In most cases, the physical errors are usually very small.
However, they can be amplified by the system to cause
large errors at the end-effector.  As a result, it is essential
to identify those errors in the system which significantly
influence the end-effector positioning accuracy.
3 .2  Types of errors
Errors can be distinguished into “repeatable” and “random”
errors [25]. Repeatable errors are errors whose numerical
value and sign are constant for each manipulator configu-
ration.  An example of a repeatable error is an assembly
error.  Random errors are errors whose numerical value or



sign changes unpredictably.  At each manipulator configu-
ration, the exact magnitude and direction of random errors
cannot be uniquely determined, but only specified over a
range of values.  An example of a random error is the error
that occurs due to backlash of an actuator gear train.

3.3 The generalized errors
Physical errors change the geometric properties of a ma-
nipulator.  As a result, the frames defined at the manipula-
tor joints are slightly displaced from their expected, ideal
locations.  In Figure 2, frame Fi is shown in the ideal

location FT
i  and in its real location FT

r   due to errors.

The position and orientation of a frame FT
r  with respect to

its ideal location F ii is represented by a 4x4 homogeneous
matrix Ei.  The rotation part of matrix Ei is the result of
the product of three consecutive rotations esi, eri, epi
around the Y, Z and X axes respectively.  (These are the
Euler angles of FT

r  with respect to FT
i .)  The subscripts s,

r, and p represent spin (yaw), roll, and pitch, respectively.
The translational part of matrix Ei is composed of the 3

coordinates exi, eyi and ezi of point OT
r  in FT

i .
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Figure 2: Frame displacement due to errors
The 6 parameters exi, eyi, ezi, esi, eri and epi are called here
"generalized error” parameters.  For a six degree of freedom
manipulator, there are 36 generalized errors which can be
written in vector form as ε=[...,.exi, eyi, ezi, esi, eri, epi,..],
with i ranging from 1 to 6.  Since the physical errors are
small, the generalized errors exi, eyi, ezi, esi, eri and epi are
also small, so a first order approximation can be applied
to their trigonometric functions and products.  Matrix Ei,
after the first order approximation, has the form:

E i =

1 -eri esi exi
e ri 1 -e pi eyi
-e si epi 1 ezi
0 0 0 1

 

 

 
 
 

 

 

 
 
 

(4)

The generalized errors are easily calculated from the physi-
cal errors.

4 Error Analysis Method
The end-effector position and orientation error ∆X is de-
fined as the 6x1 vector that represents the difference be-
tween the real position and orientation of the end-effector
and the ideal or desired one:

∆X  = XT
r - XT

i (5)

Here, XT
r  and XT

i  are the 6x1 vectors that represent the

position and orientation of the end-effector reference frame
(F6) in the inertial reference system (F0) for the real and
ideal case, respectively. The vector ∆X  must be calculated
for a given set of physical errors. Many physical errors
may not play an important role in end-effector error. The
first step in this analysis is to determine which physical
errors significantly influence the end-effector positioning
accuracy.  A manipulator error model, which maps the
manipulator’s physical errors into generalized error com-
ponents, and then into end-effector errors is used.  If the
end-effector error is greater than the desired tolerance, the
identified physical errors can either be corrected or the ma-
nipulator controller can be programmed to compensate for
the errors if the errors are repeatable.  A complete discus-
sion of these compensation algorithms is beyond the
scope of this paper.  In this section, a general method to
obtain the error model is described.

4.1 Kinematic model with errors
When the generalized errors are considered in the model,
the manipulator loop closure equation takes the form:

AT =  A1E1A2E2.......A6E6 (6)

As in Section 2, the end-effector inertial coordinates,
XT

r =(xT
r , yT

r , zT
r ), can be calculated from Equation (6):

XT
r =fr(q, ε, s ) (7)

Here, f is a vector non-linear function of the configuration
parameters q, the vector of the generalized errors ε, and the
vector of the structural parameters s .  Equation (7) is
called the “direct kinematic error model” and can be used in
the manipulator controller to calculate the real end-effector
inertial coordinates from system joint displacements when
errors exist in the manipulator.
In the error analysis of a manipulator, the end-effector
position and orientation errors are calculated as a function
of the generalized errors. This is required to understand the
effect of the physical errors on the end-effector positioning
accuracy.  Since the generalized errors are small, ∆X  can
be calculated by the following linear equation in ε:

∆X  = Je ε (8)
Here, Je is the 6x36 Jacobian matrix of the function fr

defined in Equation (7) with respect to the elements of the
generalized error vector ε.  Equation (8) is called the "ma-
nipulator error model".  The elements of Je are:

Je[i,j] =
∂f[i]

∂ε[j]
(9)

where i ranges from 1 to 6 and j ranges from 1 to 36.
Matrix Je is called the "manipulator error matrix."

4.2 Symbolic calculation
A computer program has been developed to calculate the
manipulator error model and perform the error analysis of
any serial link manipulator. The manipulator error matrix
is calculated analytically using the symbolic calculation



software package Maple [26].  The inputs to the program
are homogeneous matrices A i that represent the manipula-
tor’s nominal geometry. The output of the Maple program
is a C script containing the analytical algebraic forms of
the error matrix Je. Then, a Matlab program [27] reads the
input files that define the numerical values of the configu-
ration parameters q, the generalized errors ε, and the struc-
tural parameters s  and executes the C-script file that con-
tains the numerical value of Je. From Equation (8), the
treatment point error vector ∆X  is calculated.

5 Application to the PPS
5.1 The Patient Positioning System
A schematic of the MGH PPS is shown in Figure 3.  It is
a six degree of freedom manipulator being designed by
General Atomics [28, 29].  The first three joints are pris-
matic.  The maximum travel for these joints is 90" for the
lateral (X) axis, 24" for the vertical (Y) axis, and 58" for
the longitudinal (Z) axis.  The last three joints are revo-
lute joints.  The first revolute joint has an axis of rotation
parallel to the Y axis and can rotate ±95°.  The last two
joints are used for small corrections around an axis of rota-
tion parallel to the Z (i.e. roll) and X (i.e. pitch) axes,
respectively, and have a maximum rotation angle of ±3°.
All of the joints are actuated by stepper motors.  The con-
necting members and supporting structures of the PPS are
made out of steel.  The manipulator’s "end-effector" is a
couch which supports the patient in a supine position.
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Figure 3: The patient positioning system [28]

In Figure 3, some of the  reference frames are shown.  F0
is the fixed base inertial reference system.  F1 moves with
the first linear joint in the X direction, and is aligned with
F0 in the zero position.  F2 moves with the top of the
second linear joint in the Y direction.  F3 moves with the
end of the third linear joint in the Z-direction. F6 is the
reference system defined at the treatment point, such as a
tumor in the patient's body.

5.2 Single error analysis

A large set of potential physical error sources has been
identified for the PPS design.  An error model has been
calculated using the method and the program presented in
Section 4.  For each physical error, the treatment point
error has been calculated.  This was performed in order to
determine which physical errors induce large treatment
errors.  It was found that the angular treatment point errors
resulting from the physical errors considered were very
small from a medical point of view and could therefore be
ignored.   However, the linear displacement error induced
by some physical errors was found to be very significant.
The amplification of small physical errors into large
treatment point errors is primarily caused by the long can-
tilever utilized in the design of this system.  In this sec-
tion, examples of these errors are presented.
• Base rail curvature
The first three joints of the PPS are prismatic joints, for
which the moving elements slide on rails.  The base rail
is considered in this example (see Figure 3.)  One of the
possible physical errors associated with the base rail is the
curvature of the rail around the Y0 axis.  This is a repeat-
able error. A representation of the rail error is shown in
Figure 4. The error is assumed to be a sinusoidal function
of the travel d1 of the prismatic joint. The rail has a
maximum angular deviation of 0.000125 radians and a
maximum linear error of 0.2 mm over its total length.

Z
X

Y

Maximum angular
deviation = 0.000125 rad

Total length = 3.2 m

Maximum linear
error = 0.2mm

Figure 4: Base rail curvature error of the PPS
The generalized errors associated with these physical error
are found to be:

ez1 = −0.000062 d1 − 0.060706 sin(
π

1600 d1
)

es1 = −0.000062 d1 − 0.000119 cos(
π

1600 d1
)

In Figure 5, the treatment point error for the rail error
source is shown for Z and X directions.  For this particu-
lar physical error, there is no error in the Y direction.
These treatment point errors are calculated over the span of
the manipulator workspace, which is defined as the range
of motions which will keep the proton beam within the
treatment volume. The treatment volume is a 50x50x20
cm volume on the couch within which the treatment point
must be located. The maximum treatment point error due
to base rail curvature is 0.22 mm in the X direction and
0.08 mm in the Z direction.  This error is considered to be
significant because, in some configurations, almost 50%
of the total accuracy specification is reached by just this
error alone. However it is a repeatable error, so that the
system software can compensate for it if it can be well
characterized.
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Figure 5: Effect of base rail curvature
• Deflections - Elastic deformations
Deflections and elastic deformations of various structural
members of the PPS are another significant source of er-
rors.  Deflections of the arm, vertical post, and couch (see
Figure 3,) along with elastic deformations of the bearings,
rails, and lead screws can occur.  In this example, the de-
flection of the arm is studied.  This is a repeatable error.
The arm was modeled as an elastic beam.  From classical
beam theory [30], the corresponding generalized errors
have been calculated as functions of the configuration pa-
rameters.  Using the error model of the PPS, the treatment
error is calculated over the manipulator workspace.
The results of this calculation are shown in a three dimen-
sional diagram in Figure 6.  The maximum error is 0.12
mm in the X direction, 0.44 mm in the Y direction, and
0.25 mm in the Z direction.  These results show that the
deflection of the PPS structural members are major
sources of inaccuracy. Based on these results, the addition
of a load cell to the PPS design has been decided. The load
cell will be mounted at the end of the PPS arm. The
measurements from the load cell will be used in a deflec-
tion compensation algorithm.
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Figure 6: Effect of deflections of the arm
5.3 Combined error analysis
Figure 7 shows the treatment point error calculation where
the identified physical errors are assumed to be present.
Repeatable errors have been summed arithmetically, as-
suming that the sign of the errors is known.  A root mean

square sum (RMS) has been used for random errors.  It
was found that an uncalibrated PPS will have a maximum
positioning error of 5.48 mm, as defined by the radius of
the sphere that includes all of the treatment point errors
shown in Figure 7.  This error is significantly greater than
the maximum allowable tolerance of ±0.5 mm.  However,
many repeatable errors can be corrected by using a com-
pensation algorithm.  It is assumed that a correction algo-
rithm can be developed which will largely correct for re-
peatable errors. Based on some calculations, it has been
estimated that due to uncomplete compensation of repeat-
able errors the residual accuracy of the PPS becomes
±0.25 mm. Random errors cannot be corrected.  The RMS
sum of all random was calculated to be ±0.1 mm. Total
prediction of the system absolute accuracy is ±0.35mm.
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Figure 7: Sum of the treatment point errors

Since the PPS is currently in the design stage, all of the
values used in the analysis were based upon specifications
developed from the “paper design.”  These values, how-
ever, may not completely reflect the actual behavior of the
PPS when it is constructed and installed.  Measurements
of the significant physical errors will need to be made
when the system is installed.

6  Conclusions
In this paper, a systematic methodology to calculate a
manipulator error model is presented.  Based on this
methodology, a computer program has been developed
which can perform an error analysis on any serial link
manipulator.  This methodology and software were used in
the error analysis of a six degree of freedom manipulator
which will be used in a medical robot for cancer treatment
and research at the Massachusetts General Hospital.
It was found that the uncalibrated system has a maximum
positioning error of ±5.28 mm, which is significantly
larger than the required accuracy of ±0.5 mm.  However, a
calibration procedure for this system, based on the analy-
sis presented here, will reduce the treatment point error to
±0.35 mm, which meets the accuracy specification.
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